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FROM TAUB NUMBERS TO THE BONDI MASS
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Physics Department, University of Michigan, Ann Arbor, MI, USA
Abstract
Taub numbers are studied on asymptotically flat backgrounds with Killing
symmetries. When the field equations are solved for a background spacetime
and higher order functional derivatives (higher order variational derivatives
of the Hilbert Lagrangean) are solved for perturbations from the background,
such perturbed space-times admit zeroth, first, and second order Taub num-
bers. Zeroth order Taub numbers are Komar constants (upto numerical fac-
tors) or Penrose-Goldberg constants of the background. For a Killing sym-
metry of the background, first order Taub numbers give the contribution of
the linearized perturbation to the associated backgound quantity, such as the
perturbing mass. Second order Taub numbers give the contribution of second
order perturbations to the background quantity. The Bondi mass is a sum of
first and second order Taubs numbers on a Minkowski background.
1 INTRODUCTION
To define the Bondi mass one needs an asymptotically flat manifold and the notion
of future null infinity I+. The Bondi metric1 is axisymmetric and has 4 metric
functions V, U, β, γ.
gBondiµν dx
µdxν = (V e2β/r − r2U2e2γ)du2 + 2e2βdudr + 2r2Ue2γdudθ
−r2(e2γdθ2 + e−2γ sin2 θdφ2)
where γ = O(1/r), β = O(1/r2), U = O(1/r2). The asymptotic form of met-
ric function V is V = r − 2M(u, θ) +O(1/r). M(u, θ) is the Bondi mass aspect
−2M(u, θ) = Ψ02 + Ψ¯02 + ∂u(σ0σ¯0).
The Bondi mass is the 2-surface integral of the mass aspect over a topological
2-sphere at I+
MBondi = − 1
8pi
∫
S2
[Ψ02 + Ψ¯
0
2 + ∂u(σ
0σ¯0)] dΩ
2 EARLY CALCULATIONS OF THE BONDI MASS
The first computation of the Bondi mass was done by J.N. Goldberg2 with use
of the Einstein pseudotensor and von Freud superpotential: (
√−gEinstein) βα =
∂ν(superpotential)
[βν]
α + (pseudotensor) βα .
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Calculating in an asymptotically Cartesian frame and transforming to null
spherical coordinates, Goldberg integrated the superpotential over an asymptotic
2-sphere at future null infinity and, using the generator of asymptotic time trans-
lations, obtained the Bondi mass.
Winicour and Tamburino 3 constructed a tensorial calculation by modifying the
Komar superpotential. For the null surface u = const. they added a term which
eliminated off-surface derivatives. Using an asymptotic symmetry, the integral of
the modified Komar superpotential, called a ”linkage”, yields the Bondi mass at I+.
Unfortunately the linkage construction does not arise from a variational principle.
3 TAUB METHOD
The Taub method is fully developed in 4,5,6. We write the Bondi metric in a
perturbation expansion as gBondiαβ (λ) = ηαβ+λh
(1)
αβ +λ
2h
(2)
αβ + · · ·. To insure a single
coordinate system for each tensor in the perturbation expansion, the Minkowski
background metric is constructed from the Bondi metric. We solve the Newman-
Penrose form of Einstein’s equations with initial data Ψ0(u0, r, θ) = Ψ
0
1(u0, θ) =
Ψ02(u0, θ) = σ
0(u, θ) = 0. One obtains Bondi metric functions V = r, U = β =
γ = 0, i.e. the Minkowski metric. The symmetry generator of mass, the backgound
timelike Killing vector, kt = ∂u, is covariant constant. The Taub superpotential
UαβTaub(kt, h) = (−g)
1
2 kνt (δ
[α
ν h
β] ;µ
µ − δ [αν h;β] + h [α;β]ν ) is used to compute Taub
numbers where the nth Taub number is τn(kt, h
(n)) = − 18pi
∫
∂N
UαβTaub(kt, h
(n)) dSαβ .
Each of the h(n) and hence each of the τn derives from a variational derivative of
the Hilbert action, the nth number from the n+ 1th variation.
The Bondi mass results from the sum of first and second numbers: MBondi =
τ1(kt, h
(1))+τ2(kt, h
(2)). τ1 has the non-radiative mass contribution and τ2 contains
the news function.
4 PERTURBATION CALCULATION
To find τ1 solve DEin(h
(1) ) = 0 for h
(1)
µν using the Newman-Penrose equa-
tions on the Minkowski background with tetrad l = du, n = 12du + dr, m =
−(r/√2)(dθ + isinθdφ). Find the spin coefficients, metric components, and Weyl
tensor components with initial data {Ψ0(u0, r, θ), Ψ01(u0, θ), Ψ02(u0, θ), σ0(u, θ)}.
h
(1)
µν = [(Ψ02 + Ψ¯
0
2)/r]lµlν − (2σ¯0/r)mµmν − (2σ0/r)m¯µm¯ν
−(∂/σ¯0/r)(lµmν +mµlν)− (∂¯/σ0/r)(lµm¯ν + m¯µlν).
Substitute into UαβTaub(kt, h
(1)) and obtain τ1 = − 18pi
∫
S2
(Ψ02 + Ψ¯
0
2) dΩ. This is
MBondi when the news ∂uσ
0 = 0. Vacuum Schwarzschild has σ = 0, Ψ02 = −m and
so MBondi = τ1 = m.
To find τ2 iterate the Newman-Penrose equations. The second order Bianchi
identities for the Weyl tensor components have first order quantities as sources
whereas the first order equations were source-free 7.
2
UαβTaub(kt, h
(2)) =
√−g l[αnβ][−2∂u(σ0σ¯0)
r2
+O3].
τ2(kt, h
(2)) = − 18pi
∫
S2
[∂u(σ
0σ¯0)] dΩ.
MBondi = τ1 + τ2. Higher orders fall off faster and do not contribute to the Bondi
mass
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